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Abstract. Formulae of Berczin and Karpelevic for the radial parts of invariant dif- 
ferential operators and the spherical function on a complex Grassmann manifold are 
generalized to the hypergeometric functions associated with root system of type BCn 
under condition that the multiplicity of the middle roots is zero or one. 



Introduction 

Berezin and Karpelevic [3j gave an explicit expression for radial parts of invariant 
differential operators and the spherical functions on SU{p,q)/ S{U{p) x U{q)) without 
proof and Hoogenboom [7j gave proof of these results. Explicit expressions of the Laplace- 
Beltrami operator and higher order invariant differential operators allows us to construct 
eigenfunctions by the method of separation of variables and the spherical function has 
an expression using determinant of a matrix whose entries are the Gauss hypergeometric 
functions. 

Heckman and Opdam developed theory of the hypergeometric function associated with 
a root system, which is a generalization of theory of the spherical function on a symmetric 
space ([5]). Namely, the radial part of the Laplace-Beltrami operator of a Riemannian 
symmetric space of the non-compact type consists of data such as the restricted root sys- 
tem, multiplicities of roots. Heckman and Opdam allowed multiplicities of roots arbitrary 
complex numbers (that coincide on every Weyl group orbit) and constructed commuting 
family of differential operators and eigenfunctions. For rank one (one variable) case, their 
hypergeometric function is the Jacobi function ([8]), which is essentially the same as the 
Gauss hypergeometric function. 

In this paper, the author proves that the results of Berezin and Karpelevic p] are valid 
for the hypergeometric function associated with root system of type BCn under the con- 
dition that the multiplicity of the middle roots is 1. Though it is an easy generalization of 
[3], our results cover integral middle multiplicities in conjunction with the hypergeometric 
shift operator, which include many cases of symmetric spaces. 
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1. Hypergeometric function associated with a root system 



1.1. Notation. In this section, we review on the hypergeometric function associated with 
a root system. See [5] for details. 

Let E be an n-dimensional Euchdean space with inner product (■,■)• For a E E with 
a ^ write 

(1.1) 



[a, a ) 

Let R C E he a root system of rank n and W its Weyl group. Let R+ C i? be a fixed set 
of positive roots and E+ G E he the corresponding positive Weyl chamber. Let 

(1.2) P = {Xe E : {X,a^) ezya e R}. 

Let ka (a G R) he complex numbers such that k^a = ka for all w G W. We call 
k = [ka) Qgij a multiplicity function on R. Let K denote the set of multiplicity function 
on R. We put 



;i.3) p{k) = IY1 



2 

(1.4) 6{k) = II {e^'' -e-^^y^". 

1.2. Commuting family of differential operators. Let Ci, . . . ,Cn be an orthonormal 
basis of E and consider the differential operator 

(1.5) ^(fc) = E^l + E^^i^^^" 

on E. Here da denotes the directional derivative along a such that da{e^) = (a, A)e'*' for 
a, X e E. We have 

(1.6) (5(A;)5 o {L{k) + {p{k), p{k))} o 5(A;)-5 



2 , fca(l - /cq - 2/i;2a)(«,a) 



i=l aeR+ ,62" -e 2-)2 

Let 71 denote the algebra generated by the functions 
(1-7) («Gi?+) 

viewed as a subalgebra of the quotient field of M[P]. Let S{E) denote the symmetric 
algebra of E. Let 3ti = TZ® S{E) denote the algebra of differential operators on E with 
coefficient in TZ and let be the subalgebra of IV-invariants in Dt^. Let '~f{k) denote 
the algebra homomorphism 

(1.8) j{k) : Bn S{E) 
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defined by 



Let 

(1.9) 3{k) = {DeB^ : [L{k), P] = 0} 

denote the commutator of L{k) in and let S{E)^ denote tfie set of ly-invariants in 
SiE). 

Theorem 1.1. The map 

(1.10) 7(A;) : B{k) — > S{E)^ 

is an algebra isomorphism. In particular, D(A;) is a commutative algebra. Moreover, if 
D G is a differential operator of order N , then its principal symbol cr{D) has constant 
coefficients and coincides with homogeneous component of 'y{k){D) of degree N. 

1.3. The hypergeometric function. Let Q be the root lattice 

(1.11) Q = {Eaeij+ • e z+}. 

Put 

(1.12) f) = = C (g)]R A = exp E, e = exp 0, A+ = exp E+ 

For /i G f)* and a G A, we write = exp (/i (log a)). 
If A G P)* satisfies the condition 

(1.13) -2(A,/x) + (/i,/i) 7^0 for all /iGg, 
then the equation 

(1.14) Lik)u=i{\,X)-{p{k),p{k))u 
has a unique solution on of the form 

(1.15) u{a) = $(A, k;a) = J2 T^a^"^^''^"^ 

with Fq = 1. The function $(A, A;;a) is also a solution of the system of differential 
equations 

(1.16) Du = ^{k){D){X)u, DG©(fc). 
If 

(A, a^) ^ Z for all a e R, 
then $(wA, fc; a) {w G VF) form a basis of the solution space of fll.161) . 

3 



Define meromorphic functions c and c on 1) x by 
and 

witli tlie convention ki^ 7^ if ^ i?. We call tlie function 

(1.19) F(A, A;; a) = ^ c{wX, k)<l>{wX, k; a) 

the hypergeometric function associated with R. Let S G K denote the set of zeroes of 
c{p{k),k). 

Theorem 1.2. Assume that k & K \ S . Then the system of differential equation (11.161) 
has a unique solution that is regular at e & A, W -invariant, and 

F{X,k;e) = 1. 

The function F is holomorphic inXEi), k&K\S, and analytic in a E A. 

Remark 1.3. Theorem 11.11 and Theorem 11.21 were proved by Heckman and Opdam in a 
series of papers. See [5| and references therein. 

Let G/ Khea, Riemannian symmetric space of the non-compact type, E be the restricted 
root system, and be the root multiphcity (dimension of the root space) of a G S. Put 

(1.20) i? = 2S, k2a = ]^m^. 

Then ( II. 5p is the radial part of the Laplace-Beltrami operator on G/K^ D(A;) is the 
algebra of radial parts of invariant differential operators on G/K, and F{X,k;a) is the 
radial part of the spherical function on G/K. In this case Theorem 11.11 and Theorem 11.21 
were previously proved by Harish-Chandra. See [6] for theory of spherical functions on 
symmetric spaces. 

1.4. Rank one case. For a root system of rank 1, the hypergeometric function is given 
by the Jacobi function. We review on the Jacobi function. See [8] for details. 

Assume that R = {±ei, ±2ei} with (ei,ei) = 1 and put 

(1.21) kg = ke„ ki = k2e„ a = ks + ki- 1/2, p = ki- 1/2. 

We identify A G with (A,2ei) G C and let t = ei(loga)/2 be a coordinate on A ~ M. 
Then 



(1.22) 



p{k) = ks + 2ki = a + p + 1. 
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The hypergeometric system fll.lGp turns out to be the differential equation 

(1.23) mr = {X' - p{kr)F, 
where 

d'^ d 

(1.24) Lik) = — + 2(k,cotht + 2klCoth2t) — 

dt'^ dt 

and the hypergeometric function F{X, k; at) of type BCi is given by the Jacobi function 

(1.25) F(A, k; at) = V^^^^{t) = ^Fi {\{p{k) - A), \{p{k) + A); « + 1; - sinh^ t) . 

Here 2F1 is the Gauss hypergeometric function. For A 7^ 1,2,..., there is an another 
solution (11.151) of (I1.23P on (0, 00) given by 

(1.26) '^'L^^StaW 

= (2cosht)^-''('^)2i^i {\{p{k)-\), i(a-/5 + l - A); 1- A; cosh'^t) , 
which satisfies 

(1.27) ^^-^^x(t) = e^^"''^*(l + o{t)) ast^oo. 
For A ^ Z we have 



:i.28) J^/^At) = c„,,(-v^A)<|.(";^Jt) + c.,,(v^A)$!^\(t), 



where 

2P(fc)-^r(a + i)r(A) 



;i.29) Ca,p{-V-lX) = c{X,k) 



T{UX + p{k)))Ta{X + a-P + l))- 



2. Hypergeometric function of type BCn 

2.1. Commuting family of differential operators. Let n be a positive integer greater 
than 1 and R be the root system of type BCn 

(2.1) R+ = {Cp, 2ep, ei± Cj : l<p<n, l<i<j< n}, 

where {ei, . . . , e„} is the standard orthonormal basis of ~ M". We call icp, ±(ej ± ej), 
±2ep short, middle, and long roots, respectively. We put 

(2.2) /Cep = kg, fcei+ej = ^m; ^2ep = 

for the multiplicities of short, middle, and long roots, respectively. Hereafter we assume 
that = or 1. Then the terms corresponding to the roots Cj ± ej vanish in (11.61) and 
we have 



(2.3) 6{k)-^ o {L{k) + {p{k),p{k))} o 6{k)-^ 

ksjl -ks- 2k i) , 4ki{l-k 

[fi 3 — e 2^ 



Let tj = ej(loga)/2 (j = 1, . . . , n) be coordinates of A ~ M" and 

j=i 



(2.4) at = exp(E"=i 2t,e 



For A G f)* put Xj = (A, 2ej). Then we have 

(2.5) p{k)j = ks + 2ki + 2{n - 

Let Am be the Weyl denominator associated with middle roots 

(2.6) Amiat)= n (e^"-e-^") 

a£_R+ , middle roots 

= 25"("-i) JJ (cosh2ti -cosh2tj). 

l<i<j<n 

It is easy to see from (12.31) that 

n 

(2.7) A'- o {L{k) + (p(A;),p(A;)) o A~J- = Y.L,+ n{K + 2fc,)^ 
where 

(2.8) Lj = -—^ + 2{ksCothtj + 2kicoth2tj) — . 
Theorem 2.1. If km = or 1, then 

In particular, ©(/c) is generated by Dp^ {j = 1, . . . ,n), where pj is the j-th elementary 
symmetric function and Dp^ = L{k) + {p{k),p{k)). 

Proof. Since Li, . . . , L„ mutually commute and 

7(fc)(A-^- o L, o At) = 8% - {k, + 2h)\ 
the theorem follows from Theorem 11.11 □ 

Remark 2.2. The right hand side of (11.61) has the form of a Schrodinger operator and 
Theorem 11.11 tells that it defines a completely integrable system. Oshima [12] proved 
complete integrability of the Schrodinger operator 



1 " 

p = --5^9j+ {u{u-t,)+u{t,+tj))+ 

with 



m(x) = C{P{x) + C2 

= P^M^ • 

If Ci = 0, then a result analogous to Theorem 12.11 holds. 
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Remark 2.3. If R is an arbitrary reduced root system and fc^ = or 1 for all a & R, 
then the right hand side of (11.61) is just the Laplacian on the Euclidean space E. In this 
case, D(fc) (taking conjugate by A^) consists of constant coefficient differential operators 
and the hypergeometric function is expressed by exponential functions. The case of all 
multiplicities equal to 1 is the case of complex semisimple Lie groups in the sense of 
Remark II. 3 [ Theorem 12. II gives another case that 3{k) has a simple simple expression. 

2.2. The hypergeometric function. If km = or 1, then the Harish-Chandra series 
(ll.lSp is given by a product of the Harish-Chandra series' of the form (11.261) for the root 
system of R = BCi. 

Proposition 2.4. Assume that fc^ = or 1 and let a = kg + ki — 1/2, (3 = ki — 1/2. // 
A satisfies condition (ll.lSp . then 

n 

(2.9) $(A, k- a) = AUatr'"' J] "^^-^ixS^^^- 

Proof. In view of fOD . fOHl) . fl2Tj) . and (ESD, the right hand side of (ES]) is a solution 
of (I1.14p . where a and (3 are given by (ll.2ip . We can see by elementary computations of 
power series that the right hand side of (12.90 has a series expansion of the form (ll.lSp as 
in the same way as the proof of [3, Theorem 1]. By the uniqueness of the Harish-Chandra 
series, (ll.lSp follows. □ 



By virtue of Proposition 12.41 the hypergeometric function has a simple expression. 

Theorem 2.5. Let a = kg + ki — 1/2, (3 = ki — 1/2 and assume that a 7^ 0, —1, —2, ■ 
If km = ^, then 

B det(v9^'^\ {tj))i<i,j<n 

(2.10) F{\k-at)- v^AA.;; 



ni<.<.<n(A?-A,^) A„(a,) 
where B is given by 

n-l 

(2.11) B = (_l)in(n-l)22n(n-l) "Q^^^ + . 

i=l 

If km = 0, then 

(2.12) F(A, k; at) = ^peTm{if^^l^Xtj))i<^,j<n, 

where peTm{M) denotes the permanent ^^^g mimo-(i) ■ ■ ■ninnifji^n) of matrix M = {mij)i<ij<n- 
Proof. First notice that the Weyl group of type BCn is given by 

W = {W = {e,a) e {-1}" X Sn : w{ti, ...,tn) = (eita(l), • • • ,enta(n))}- 
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Assume that fc^ = 1- The c-function for the middle roots (the product is take over the 
middle roots in (11.171) ) is given by 

(213) cfAW- n r(i(A, + A,))r(l(A.-A,.)) 

2«(«— 1) 



The c-function for Cj and 2ej is given by 



(2.14) 5e^{\,k)c2e,{X,k) 



r (i(A,- + h + 1)) r (1(A, + A;, + 2ki)) 
We have 

n 

(2.15) c{X,k) = cU\k)Y[de^{X,k)c2e,{\,k) 

2n{n-2ks-2ki) " 

= r(^, + ^, + i)"n,,.<,,JAf-A,^)n^-'^(^^)- 

The hypergeometric function is given by 

Amiat)F{\, k; at) = c{p{k), k)'^ ^ c{w\, A;)A„(at)$(wA, k, at) 

<TGS„,ee{-l}" •li«<j'^ '^(j)^ 1=1 



where 



^ n. .(A^-A^) E-s"^n^n..„fe) 

det(^^Jt^ 
n.<,(A?-A,2) ' 

9n(?i— 1) 



c(p(A;), k) (22fc.+2fc;-ir (A;, + A;^ + i)) 
The formula for B can be obtained by explicit computations. 

Next suppose /cm = 0. Then Cm(A, A;) = limfc^^o c(A, A;)/c(p(A;), A;) = l/n\. HereCm(A, A;) 
is the c-function for the middle roots (the product is take over the middle roots in (ll.lSp ). 
(I2.12P follows by direct computation similar to that of deriving fl2.10p . 

□ 

Remark 2.6. Let p and q {p ^ q) be positive integers and put ks = q — p, km = 1, 
and ki = 1/2. Then the hypergeometric function F{X,k;at) is the radial part of the 



spherical function on SU{p,q)/S{U{p) x U{q)). In this case Theorem 12.11 Theorem 12.41 
and Theorem 12.11 were given by Berezin and Karpelevic [3] without proof and a complete 
proof was given by Hoogenboom [7]. 

We give two corollary of our results. 

First we give a limit case of the hypergeometric function. We replace {t, A) by {et, e^^A) 
and let e I 0. Then the hypergeometric equation (11.231) of type BCi becomes 

Here we put a = ks + ki + 1/2. There exists a unique even solution of (12.161) that is regular 
at and u{0) = 1, which is given by 



(2.17) Ja(V^At) = 2"r(a + l)(v^At)-" J„(v^At), 
where Ja denote the usual Bessel function. Then it is known [S", §2.3] that 

(2.18) lim^^)_,^(et) = X(v^At). 

The limit of operator (11.51) become 

(2.19) w = E^J+ E 

j=l ae-R+ 

and we have 

(2.20) lime-"("-i)A^(a,t)= TT a(logai). 

OS-R+, middle roots 

We denote the right hand side of the above equation by Am i.at('^i)- Put 
(2.211 L- = |l+2*. + 2*:, + 2a 



Then we have the following explicit expression of commuting family of differential opera- 
tors including L{ky^^. 

Corollary 2.7. If km = or 1, then 

= A^- o p{L„ . . . , o At,^, : p G R[Er} 

forms a commutative algebra of differential operators, which is generated by A"'^™^ o 
Pj{Li, . . . , L„) o A^j.a^^, (j = 1, . . . , ra), where pj is the j-th elementary symmetric function. 
D^^^ = L{ky^^ and the principal symbol of D^^^ is pj for j = 1, . . . ,n. 

By Theorem 12.51 and (I2.18P we have the following limit formula. 
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Corollary 2.8. Let a = kg + ki — 1/2 and assume that a ^ 0, —1, —2, ■ ■ ■ and Xj ^ 0, 

Ij km = 1, i/ien 

(2,22) limf(.-A.*ia„) = ^ , det( J„(v^A.t,)).,„,.. ^ 

where A is given by Ii2.11\) . If k^ = 0, then 

.-1- ■ ^ 1 



(2.23) limF(e X,k;a^t) = —peTm{Ja{V^Xitj))i<ij<n. 

Remark 2.9. In the group case that we mentioned in Remark 12. 6[ fl2.22p was proved by 
Meaney It gives contraction of spherical functions between symmetric spaces of the 
non-compact type and the Euclidean type. 

The right hand side of (12.221) and (12.231) give explicit expression for the Bessel function 
of type BCn which was defined by Opdam [TTl Definition 6.9]. The Bessel function of 
type BCn for /c^ = or 1 is a 1^-invariant C°° joint-eigenfunction of the commuting 
family of differential operators given in Corollary 12.71 being equal to 1 at the origin. 

The type of limit transition in Corollary 12.81 was given also by Ben Said and 0rsted 
[Il[2], and de Jeu g]. 

Finally we give a formula for a 0-spherical function. Let denote the set of simple 
roots in 

\E' = {ei - 62, . . . , Cn-i - e„, e„}. 

For a subset 6 C \I', let (6) = R^J2aee ^^"^ define ce(A, A;) by the product of the form 
(11.17P where the product is taken over fl (0) and let ce(A, /c) = ce(A, fc)/c0(p(fc), fc). 
We make a sum 

(2.24) Fe(A,fc,a)= ^ CQ{wX,k)^[wX,k]a). 

The sum of the form (I2.24p is important in harmonic analysis of the spherical function on 
symmetric spaces (c.f. jlO], [I3l Chapter 6], 



By Theorem 12.41 we can derive formulae for Fe(A, fc, a)- For G = \E'\{ei — 62, . . . , ej_i — 
Cj} (2 < j < n) we have a formula for FQ{X,k;at) that is similar to the formula for 
F{X, k; at) in Theorem 12.51 

If 9 = {ei — 62, ... , e„_i — e„}, then (9) is a root system of type A„_i and we have 
the following result. 

Corollary 2.10. Assume that km = or 1 and let 9 = {ei — 62, . . . ,en-i — e„} and 

a = kg + ki — 1/2, (3 = ki — 1/2. Then Fq{X, k; at) is holomorphic in X in the region 

Re Aj > (z = 1, . . . , n). Moreover we have the following results. 
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(i) Suppose km = I and put it{xi, . . . , Xn) = Yii<i<j<ni^i " ^j)- Then we have 

,,,,, prxi. ^ 7r(p(fc)) det($^,Xt.))i<.,<. 

(2.25) Fe(A, k; at) = —r- ^— . 

Moreover, z/ Re Aj > (z = 1, . . . ,n), then 

(2.26) lim e(''('=)-^)('- •.."))Fe(A, k; a,,^.,...,„^.)) = • det^^'^Oi<..<n 

(ii) // km = 0, t/ien 

(2.27) Fe(A, k; at) = ^peim{^^^I^Xt,))i<,,,<n. 
Moreover, z/ Re Aj > 0{i = 1, . . . ,n), then 

(2.28) lim e^^^'^)-")^!"^ "(-■-))Fe(A, k; a^t,+uMu)) = ^perm(e^'*Oi<^.i<n. 

M— +00 77,! 

Proof. Fe(A, A;; a^) is holomorphic in the region Re A^ > {i = 1, . . . , n) by [TOl Theorem 
8]. (12:251) and (12:271) follows by simple computations. (I2:26|) and (12:281) follows from 

([L2ZD- □ 

Remark 2.11. (i) The right hand sides of (I2.26P and (12.281) are hyper geometric function 
of type An-i with the multiplicity 1 and respectively. Namely, the right hand side of 
( I2.26P is the spherical function on SL{n,C)/ SU{n) (c.f. [H Chapter IV Theorem 5.7]) 
and ( I2.28P is the normalized average of the exponential function e^^'*-* under the action of 
the symmetric group. 

(ii) By ^14l Proposition 2.6, Remark 6.13], the spherical function for a one-dimensional 
K-type (r_£^, r.^J SU{p, q) can be written as the hypergeometric function F(A, k; at) 
with kg = m/2— £2, km = I, ki = 1/2— £1 —£2- Here m = 1 and £1 = £2 if P 7^ and m = 
if p = g. Thus spherical functions for one-dimensional K types on SU{p, q) are given by 
Theorem 12.11 Conversely, by considering the universal covering group of SU{p, q), we can 
take ii, £2 arbitrary complex numbers, hence the hypergeometric function (I2.10p for any 
kg and ki corresponds to a spherical function on SU {p, p) . 

By the above observation, the Plancherel formula for the integral transform with the 
kernel F{X,k;a) with km = ^ is a. special case of Theorem 6.11]. Notice that low 
dimensional spectra including discrete spectra appear in general. It seems to be possible 
to give an alternative proof of the Plancherel formula by rank one reduction as in [9l 
Theorem 22]. 

(iii) In Theorem 12.11 we give an explicit formula for the hypergeometric function of type 

BCn with km = 0, ^ and kg, ki arbitrary. We obtain a formula of the hypergeometric 

function for fc^ G Z by applying Opdam's hypergeometric shift operator corresponding 
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to the middle roots, which is a differential operator of order n{n — l)/2 (c.f. [Sj Definition 
3.2.1]). 
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